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Motivation:  Dusty plasma dynamics exhibit key features 
of both classical and quantum turbulence. 

Method: Fractional Laplacian Spectral technique that 
determines energy transport as a function of vortex scale, 
energy fluctuations, and nonlocality.

Model: k-space representation of vortex scales, fractional 
Laplacian model of anomalous diffusion due to nonlocal 
interactions, random disorder. 

Main results: Energy transport is enhanced for: 1. Super-
diffusive particles and 2. Key combinations of vortex scale 
and disorder in the sub-diffusion regime. 
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Classical Turbulence Quantum Turbulence Semi-Classical Turbulence

Definition of Turbulence

( dartmouth.edu/~cushman/courses/engs250/Kolmogorov.pdf)(Royal Collection Trust/© Her Majesty Queen Elizabeth II 
2019)

Tsepelin, Viktor, et al., Phys Rev B 96.5 (2017)

Navier Stokes Equation for 
the velocity vector: 

Describes the flow of an 
incompressible viscous fluid.

Differs from classical 
turbulence  in three ways: 

i. Two-fluid behavior

ii. Fluids can be inviscid

iii. Discrete vortices .

Dissipationless transfer of energy 
from large to small scales. 

Kolmogorov energy spectrum:

Can be associated with the 
presence of metastable bundles 
of polarized quantized vortices.
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Turbulence in Dusty Plasma
Dusty plasmas are four-component plasmas consisting 
of electrons, ions, neutrals and charged, solid or liquid 
particulates (“dust”).

Ideal for the study of Kolmogorov turbulence:
 Driven-Dissipative strongly coupled systems
 Dust particles are visible at the kinetic level
 Exhibit quantized vortices and two-fluid behavior
 Characterized by nonlocal interactions and disorder

(Image source: CASPER)

Nunomura, Goree, Hu,  Wang, & Bhattacharjee, Phys Rev E, vol. 65, 2002

Note that quantized  quantum unless dust 
grains approach nano-scales.
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k-Space Representation

(Image Source: Aakash30jan, Wikimedia)

1. Consider 2D dust fluid close to crystallization.

2. At  import energy  at the largest scale.

3. Resulting vortex scales are discretized by the 
# of participating dust particles.

  spatial size of crystal

  dust particle diameter

1. Consider 1D discrete k-space constructed by delta functions.

2. At  let  (normalized initial energy impulse).

3. Vortex scales are combinations of delta vectors in k-space: 

  (single delta function)
The largest k corresponds to the dissipation space scale.
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( dartmouth.edu/~cushman/courses/engs250/Kolmogorov.pdf)

M. Murillo, Phys Plasmas 11.5 (2004).

𝛿− 1 𝛿0 𝛿1 𝛿2𝛿− 2 𝑘

𝒕=𝟎 For a given Hamiltonian H, 
the energy evolution is 

then given by

𝛿− 3 𝛿3
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Fractional Laplacian Spectral Approach

𝐷𝑛=√1−∑
𝑖=0

𝑛

𝑝𝑟𝑜𝑗 {.. }𝒗
′

Consider the general Hamiltonian

    

Nonlocal interaction:
anomalous diffusion

Disorder: fluctuation 
in the energy flow rate

Compute the math distance b/w any vector state  and the 
(normalized) sequence 

If , energy spread
  Energy transport at all 
examined scales

If , localized energy
 No energy transport beyond a 
certain scale

Numerical Confirmation

Superdiffusion, s < 1

Subdiffusion, s > 1

Classical diffusion, s = 1

Shows if there is energy 
transport beyond a given 
vortex scale.
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Expected Outcome
Superdiffusion has been linked to the onset of vorticity in dusty plasmas.
 We expect  that turbulence is most likely to develop for  and small energy 
fluctuations (i.e., energy transport is enhanced at all scales)

𝑡=1𝑠 𝑡=10𝑠

su
p

er
d

iff
u

si
o

n

Earth-based experiment
2D monolayer, mf grains, 7.2 m,
Hexagonal, 5- and 7-fold defects
 N = 600, RF Ar,  Pa, 19 W

MD simulation
2D monolayer, mf grains, 10 m,
Hexagonal, 5- and 7-fold defects
 N = 10,000, charge -2.45E-15

Ratynskaia, et al., 2006. "Superdiffusion and viscoelastic 
vortex flows in a two-dimensional complex plasma. " 
Physical review letters, 96(10), p.105010.

Kostadinova, E. G., et al. "Transport properties of disordered 
two dimensional complex plasma crystal." ‐ Contributions to 
Plasma Physics 58.2-3 (2018): 209-216.
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General Methodology

 Consider experiments with vortices

Dimensionless variables
s – fraction on the Laplacian

Infl – range on nonlocal interaction
c – concentration of disorder
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 Determine diffusion from MSD

 Scaling b/w experiment and simulation  Compute energy evolution
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Vortex formation depends on the balance between positive energy gain 
from the total electric field and the frictional loss due to neutral drag.
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Energy Transport vs. Disorder Concentration

Parameters:
Disorder  stands for small 
random fluctuations in the 
energy supplied to a given 
vortex.

For  transport is strongly enhanced for  (super-
diffusion) and strongly suppressed for  (sub-diffusion) 
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Energy Transport vs. Range of Nonlocality

Parameters:

When , the range of non-
locality coincides with the 
examined vortex scale.

Overall, transport is strongly enhanced for  (super-
diffusion) and strongly suppressed for  (sub-diffusion) 
.
Small fluctuations result from the random realization 
of the disorder concentration.
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Energy Transport vs. Vortex Scale

Parameters:

Here we fix the range of 
nonlocality and only vary the 
scale of examined vortices. 

Unexpected energy transport occurs for vortex scales  
in the sub-diffusive regime.

Possible explanation: For , negative correlations 
suppress transport of energy to the smaller energy 
scales, while disorder localizes energy around scales 
with large disorder. The two effects can cancel each 
other, resulting in enhanced transport.



www.baylor.edu/CASPERConclusions

Motivation:  Dusty plasma dynamics exhibit key features 
of both classical and quantum turbulence. 

Method: Fractional Laplacian Spectral technique that 
determines energy transport as a function of vortex scale, 
energy fluctuations, and nonlocality.

Model: k-space representation of vortex scales, fractional 
Laplacian model of anomalous diffusion due to nonlocal 
interactions, random disorder. 

Next Step: Confirm anomalous 
energy transport with MD 
simulations of dusty plasma fluids.

Main results: Energy transport is enhanced for: 1. Super-
diffusive particles and 2. Key combinations of vortex scale 
and disorder in the sub-diffusion regime. 
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 Diffusion: random motion due to a gradient 
(concentration, pressure, temperature, etc.)

 Observation: mean square displacement (MSD) 
as a function of time 

⟨ 𝑥2 ⟩

𝑡

Superdiffusion

Subdiffusion

Classical diffusion

Classical 
diffusion

Superdiffusion Subdiffusion

local nonlocal nonlocal

QUESTION: Can we predict the global 
dynamics from the local diffusion 
behavior in a complex system?Random walk Positive 

correlations
Negative 
correlations

ANOMALOUS DIFFUSION IN EXPERIMENTS
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FRACTIONAL LAPLACIAN MODEL OF ANOMALOUS DIFFUSION

Classic Laplacian: local operator of the form 
 Classic diffusion: , weak correlations

Fractional Laplacian: , nonlocal operator
 Superdiffusion: , positive correlations
 Subdiffusion: , negative correlations

TRANSPORT IN SPACE
∆≡𝜵𝟐≡

𝝏𝟐

𝝏𝒓𝟐
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Scaling b/w Experiment and Theory

Scaling of disorderScaling of diffusion

Analysis code inputs

  vortex scale in k-space

Fraction   Strength of nonlocal effects

Influence  Range of the nonlocal effects

Disorder  Energy fluctuations across scales

Quantities from exp. conditions

Plot   from particle tracking

Plot  /   from discharge simulation

Distribution of  /   from dust-ion MD 
simulation or from direct calculation using  / 

Influence  number of particles per scale
Timesteps  # of frame rates

Superdiffusion: , positive correlations
Subdiffusion: , negative correlations

Define dimensionless disorder as
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ORIGINS OF VORTICITY IN DUSTY PLASMA

−−
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Collisions with neutrals

Ion focusing

Charge 
fluctuations

Dust-Plasma interactions

− −
Shielded 
Coulomb

Dust-Dust interaction

Charge inhomogeneity 

Vorticity in dusty plasma be caused by:
1. Dust charge inhomogeneities
2. Interaction with the ion wakes

Vortex formation depends on the balance between positive energy gain 
from the total electric field and the frictional loss due to neutral drag.
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Charging Processes & Techniques
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Charging processes in dusty plasma include:
 Electron & ion collection from the plasma; 

 Secondary electron emission due to energetic particle impacts; 

 Thermionic emission when particles are heated;

 Photoemission of electrons due to UV or ionizing radiation; 

+
+

+

Wakefield dechargingIon collection

0
Energetic particle 

impacts

-
-

-

+ -

-

-

Electron collection

Ion deflection
Thermal 
excitation

UV radiation

Charging processes in fusion

Rubel, M. (2018). Journal of Fusion Energy, 1-15.
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ANOMALOUS DIFFUSION IN DUSTY PLASMA

Above critical  and , vortex occurs due 
to change in mobility  anomalous 
diffusion.  
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